A nonlinear distributed parameter system model governing the motion of a cable with an attached payload immersed in water is derived. The payload is subject to a drag force due to a constant water stream velocity. Such a system is found, for example, in deep sea oil exploration, where a crane mounted on a ship is used for construction and thus positioning of underwater parts of an offshore drilling platform. The equations of motion are linearized, resulting in two coupled, one-dimensional wave equations with spatially varying coefficients and dynamic boundary conditions of second order in time. The wave equations model the normal and tangential displacements of cable elements, respectively. A two degree of freedom controller is designed for this system with a Dirichlet input at the boundary opposite to the payload. A feedforward controller is designed by inverting the system using a Taylor-series, which is then truncated. The coupling is ignored for the feedback design, allowing for a separate design for each direction of motion. Transformations are introduced, in order to transform the system into a cascade of a partial differential equation (PDE) and an ordinary differential equation (ODE), and PDE backstepping is applied. Closed-loop stability is proven. This is supported by simulation results for different cable lengths and payload masses. These simulations also illustrate the performance of the feedforward controller.
Introduction
We tackle a boundary control problem for a cable subject to Dirichlet actuation at the upper end. In this context, Dirchlet actuation refers to being able to position the top of the cable. This can be realized with an underlying fast position controller for the top boundary, for example. The control objective is to position a payload at the lower end. The payload is subject to a drag force due to a constant water stream velocity. We present a nonlinear model of the cable's two-dimensional motion and derive a control law for the linearized equations by applying feedforward control and backstepping as described in Ref. [1] . We extend the ideas herein to basic wave equations for this problem.
Many different approaches to design controllers for systems incorporating wave equation dynamics exist. In Ref. [2] , a pure wave equation with constant propagation speed and two Dirichlet boundary conditions, with one input boundary, is considered and stability is shown for a feedback controller incorporating a time delay. For the same equation, discrete optimal control is considered in Ref. [3] for finite time stabilization using Dirichlet input boundaries on both ends of the string. In Ref. [4] , a more general version of the wave equation, including in-domain (anti)damping is studied and a stabilizing feedback control law is derived using backstepping techniques for a string fixed at one end and a Dirichlet-type input at the other end. A distributed quadratic term describing friction is considered in Ref. [5] for a feedforward control using a power series approach. Applications in physics and engineering give rise to wave equations with even nonconstant coefficients. For example, piezoelectric stack actuators [6] involve a simple wave equation but have complex dynamics due to coupled boundary conditions. Only a few authors study coupled partial differential equations as it is done in Ref. [7] for a flexible marine riser using a nonlinear beam equation that is of fourth order in space and second order in time. Some of the literature focuses on feedforward design based on system inversion [6, 5] or optimal control strategies [3] . Others concentrate on feedback using Lyapunov methods [7, 8] or PDE backstepping techniques [2, 4] that employ Volterra integral transformations.
The problem considered in this paper is motivated by the physical problem of in-plane motion of a payload attached to a cable hanging from a crane tip in an offshore environment. Several smaller steel wires are twisted to form the massive cable. The cable mass cannot be neglected, as for long cables it can be close to or even more than the mass of the payload. Thus, the distributed mass of the cable hugely impacts the dynamics of the system, making a distributed parameters model a suitable choice. A certain portion of the cable is immersed in water and Dirichlet input at the top is assumed. This is illustrated in Fig. 1 . The system we consider belongs to the more general class of axially moving systems. A good overview on modeling and control of these systems is given in Refs. [9] and [10] , for example. However, we also consider the strain change in the cable as not negligible, thus a more complex, nonlinear coupled PDE-system is derived governing the motion of the cable. A similar but also simpler problem has been addressed by Refs. [11] and [12] for horizontal cables in water and by Ref. [13] , where control of the horizontal motion of a vertical cable is considered, whereas this paper studies both vertical and horizontal motion of a cable in water. After deriving two coupled wave equations describing the motion of the cable and the dynamic boundary conditions describing the payload's motion, we present an example for a control approach combining a feedforward controller based on system inversion and a feedback controller using backstepping techniques. For the feedback design, the system is split into two independent subsystems and is transformed into a PDE-ODE cascade before a controller is derived. This concept has been used before, for example, in Ref. [14] , where a simple, Neumann-actuated wave equation driving an ODE through Dirichlet interconnection is studied and the case of the ODE acting back on the PDE is left for future research. In this paper, a more complicated, coupled PDE-system is used and the system can be regarded as a PDE-ODE cascade with the ODE being driven by the PDE but also acting back on the PDE through the dynamic boundary condition used to describe the payload motion.
The paper is organized as follows: First, the nonlinear equations governing the motion of the cable and the payload are derived in Sec. 2. In Sec. 3, the controller designs are presented. A feedforward control signal is derived using system inversion with a Taylor-series solution and a feedback law is designed using the backstepping approach from Refs. [1] and [4] . Stability of the closed-loop system is proven. In Sec. 4, simulation results are presented and a short conclusion is drawn.
Modeling
The nonlinear partial differential equations governing the motion of the cable and the payload are derived in Sec. 2.1. These equations are then linearized in Sec. 2.2 assuming a constant, nonzero stream velocity acting only on the payload. Our main result, a controller design approach, is presented in Sec. 3.
Nonlinear Model.
In order to derive the nonlinear equations governing the motion of a cable with an attached payload at the bottom, we assume a cable with constant length, equally distributed mass, and a constant stream velocity V. Disturbances and external forces, such as drag along the cable, are neglected, except at the payload where an additional drag force due to a horizontal stream velocity is considered. This is justified because of the small dimensions of the cable compared with the payload, which usually has an effective surface of at least several 10 square meter. Thus, the angular momentum due to stream velocity is much larger for the payload than for the cable. Buoyancy can easily be considered by adjusting the specific mass of the cable m ¼ m cable À q W A, with q W being the water density and A the cross-sectional area of the cable. As the cable is assumed completely immersed in water, for tangential motion some water has to be moved along with the cable, which is accounted for by using an added mass m added ¼ C a q W A, according to Refs. [15] and [16] . C a is the added mass coefficient. Thus, we use M ¼ m þ m added for the tangential motion.
We consider a single cable element as shown in Fig. 2 . For a cable fixed at both ends, similar equations of motion and their derivation can also be found in linearized form in Refs. [17] [18] [19] . The in-plane motion of an infinitely small cable element can be described in two different coordinate frames. The y-, z-coordinate frames are earthfixed and the z-axis always points downwards, perpendicular to the surface, while the y-axis is oriented to the right, parallel to the surface. The q-, p-frames are locally fixed to the cable and thus different for each cable element. Its centerpoint is moved to ð0; L À xÞ T and it is rotated by the angle uðx; tÞ with respect to the earthfixed frame. For a local cable angle of u ¼ 0, the axis q and p are parallel to y and z, respectively. This leads to the p-axis being tangential and the q-axis being orthogonal to the cable. The cable coordinate x ranges from x ¼ 0 at the bottom, where the payload is attached, to x ¼ L at the top end, where Dirichlet actuation is applied. For transforming vectors from one coordinate system into the other, the rotational matrix C yp and its inverse can be used. They are given by 
Thus, the position vector for a specific cable element in the y-, zcoordinate frames can be expressed as
The lower case yz indicates vectors in the y-, z-coordinate frames. 
with the underbraces indicating the tangential and normal components of the cable's motion, respectively. The cable element's angular velocity is directly related to the normal velocities on both ends of the element, whereas the rate of change in strain is given through the tangential velocities at these ends. Thus, the following additional kinematic compatibility relations can be found [17] : 
A linear relationship for the tension T(x, t) and the strain eðx; tÞ along the cable using Young's modulus E and the metallic crosssectional area of the cable A is assumed (Hooke's law, [20] )
Tðx; tÞ ¼ EAeðx; tÞ
In order to derive the equations of motion, the principle of linear momentum is considered for both the y-direction and the z-direction. The acceleration tangential and normal to the cable are denoted by a t and a n , respectively. Due to the thin nature of the cable and the small displacement relative to the cable length, bending stiffness is neglected and thus angular momentum is not considered. With the specific weight l ¼ mg, the following equations hold: For an observing person in the cable coordinate frame, w(x, t) and u(x, t) express the distances travelled by the cable at position x normal and tangential to the cable, respectively. However, because the cable coordinate frame itself is turning over time in order to determine the distance travelled in z-and y-directions according to Eq. (3), one needs to first transform the velocities from the cable fixed coordinate frame into the earthfixed frame using C yp and then integrate over time. Using Eqs. (11) and (12), the PDE system can be formulated as At the top end of the cable, x ¼ L, the position is determined by the control inputs U w ðtÞ and U u ðtÞ. The boundary condition for the bottom end of the cable, x ¼ 0, is found by applying the principle of linear momentum to the payload. Gravity as well as cable tension and an external drag force due to the stream velocity V (see Fig. 1 ) are considered here. Since the cable diameter is very small compared with the payload dimensions, the distributed drag force along the cable is neglected and only a single drag force at the payload boundary is assumed. Hence, the boundary conditions, namely wðL; tÞ ¼ U w ðtÞ uðL; tÞ ¼ U u ðtÞ (16) at the bottom, (17) with the drag force due to the velocity relative to the stream velocity given by where V represents the stream velocity parallel to the y-axis, q W is the water density, and C d is the drag coefficient, which is assumed to be equal for z-and y-directions. The velocities are given in y-and z-directions relative to the water stream flow. There is no stream velocity assumed in z-direction. Initial conditions are needed for a complete description. They have to match the boundary conditions at x ¼ 0 and x ¼ L for reasons of consistency, namely pðx; 0Þ ¼p 0 ðxÞ; dp dt ðx; 0Þ ¼p 1 ðxÞ qðx; 0Þ ¼q 0 ðxÞ; dq dt ðx; 0Þ ¼q 1 ðxÞ
The nonlinear equations of motion (13) along with the kinematic compatibility relations (14) and (15), Hooke's law (7), and the above boundary and initial conditions fully describe the inplane motion of the cable. (13), (14), (15) , and the boundary conditions (16) and (17) are linearized around a steady state for a constant horizontal stream velocity (e.g., in y-direction only). The steady states can be calculated analytically and expressed as
Linearization. Equations
with F 0 being the steady state drag force in y-direction given by
From Eqs. (19) and (20), it is possible to calculate the steady state cable equation y(z) implicitly. Using
cos u 0 ðsÞds yields after some calculations
The most general form of equations (13) 
Equations (22) and (23) 
with coefficients calculated from the steady states e 0 ðxÞ and u 0 ðxÞ and given as
Note that these boundary conditions only hold for this specific example with boundary drag at the bottom end of the cable.
Control
The controller designed in this section for the system R is composed of a feedforward partR À1 , and a feedback part R C , ensuring closed-loop stability. Even though it is based only on an approximation of the original system, the model based feedforward part still improves the overall controller performance compared with a pure feedback control, as we will see in Sec. 4. The control scheme is fed with the desired payload motion trajectory, u Ã ð0; tÞ and w Ã ð0; tÞ, which is then used to calculate the desired input for the original system. The feedback part is used to correct for differences between the desired and the actual motion originating from modeling errors and disturbances. This two degree of freedom controller scheme is illustrated in Fig. 3 .
For the controller design, the system's equations are normalized in space and the system's states are nondimensionalized. Thus, the normalized cable's coordinate is
and the transformed positions are wð x; tÞ ¼ 1 L wð x; tÞ uð x; tÞ ¼ 1 L uð x; tÞ (27) This also implies scaling of the coefficients of the PDE. Note that in case of a time dependent cable length, the normalizations from Eqs. (27) and (26) would be equivalent, but with L ¼ L(t). This would lead to a more complex PDE-system with time dependent coefficients which is beyond the scope of this paper. The equations used to design the controller are summarized as follows: 
and the dynamic boundaries at the payload position are given by
with the coefficients given by
3.1 Feedforward. In order to invert the linearized system R, consisting of Eqs. (28) and (29), the input boundary conditions (30) 32) where g w ðtÞ and g u ðtÞ represent the desired output of the linear system (22) and (23). The output of the inverted system is now calculated using a Taylor-series approach inspired by Ref. [21] .
To pursue this approach, the equations are further simplified and the position-dependent coefficients are approximated by a constant value, equal to the respective mean value of the function in the interval D. This is reasonable because the error introduced by this simplification will be corrected by the feedback term derived later. So, for the coefficients of Eqs. (28) and (29) it holds that:
Using this, the simplified system is written as 
We now pursue a Taylor-series approach to solve the PDEsystem. This popular method can be found, for example, in Refs. (33) and (34) leads to the following equations:
Thus, recursive equations for the coefficients of (37) are
Having calculated the solution as a Taylor-series approximation now allows to calculate the input trajectorieswð1; tÞ andũð1; tÞ required to generate the desired outputs L wð0; tÞ ¼ g w ðtÞ and L uð0; tÞ ¼ g u ðtÞ.
For rest-to-rest trajectories, a transition time T has to be chosen, in which the load is moved from its current position (0, L) in the original w-, u-coordinates to ðw Ã ; L þ u Ã Þ. For a payload motion of 20% of the cable length, a transition time of 11 s seems reasonable, as can be seen in Fig. 4(a) . For heavier loads, this time can be chosen even smaller, as we will discuss in Sec. 4. Since the Taylor-series solution has an infinite number of coefficients, it has to be truncated for practical use. This is possible as convergence of the series can be proven for input functions of Gevrey-type. For convenience, we use polynomial trajectories, which are also feasible, as shown by Ref. [24] . In this paper, only the first five coefficients are used to calculate the feedforward control to keep the equations simple, yet to have enough coefficients for the error to be reasonable small. Simulation results support this decision with a maximum error of 7% for the parameters used in this article (see Sec. 4). In theory, the error can be further reduced by using as many coefficients as computational power permits. For a practical application, there is no further improvement as the summands become smaller and eventually measurement noise and modeling errors account for most of the residual error of the feedforward. Using five coefficients in Eq. (37) 
According to Ref. [25] , for a rest-to-rest motion with the nth output derivative at t ¼ 0 and t ¼ T to be zero, at least n þ 1 coefficients have to be used for each output function. Thus, the functions describing the desired payload motion are of the following form:
The desired output functions for any given transition time T and load displacement w Ã ð0; TÞ and u Ã ð0; TÞ, respectively, were calculated using a computer algebra system and are very complex, also depending on the coefficients ofR. Possible reference trajectories are shown in Figs. 4(a) and 4(b) for w Ã ð0; 0Þ ¼ u Ã ð0; 0Þ ¼ 0 and the reference cable parameters. As the main focus of this paper is not on trajectory generation, simple polynomials are used. More complicated trajectories might be more suitable for certain applications. Trajectory generation for point to point motion is studied in Ref. [26] , for example, including an arbitrary number of points in between that are to be passed within a specified safety corridor.
Feedback.
A feedback law stabilizing Eqs. (22) and (23) is derived in this section. However, the feedback is designed for two uncoupled wave equations instead of the coupled equations. The uncoupled equations can be found in the literature describing the orthogonal and tangential motion of a string, for example, in Ref. [27] . The equations are derived by linearizing the nonlinear model around the steady states for F 0 ¼ 0 and using 1 þ e 0 ðxÞ % 1. Using this, the equations are found in a similar way as in Sec. 2.2. The orthogonal motion is governed by the PDE @ 2 w @t 2 ð x; tÞ ¼ ðb þ a xÞ
and the boundary conditions
The tangential motion is governed in the domain by
and at the boundaries by
Equation (44), along with the boundary conditions (45) can also be found in Ref. [27] . Using this simplified cable model, the controller for each motion can be calculated separately. Note that the PDE describing the tangential motion is just a special case of the PDE describing the orthogonal motion in the domain using a ¼ 0 and b ¼ EA=mL 2 . The boundary conditions for both motions are equally structured as well. Due to this fact, this paper will only focus on the design of the orthogonal controller and just state the calculated results for the tangential controller at the end for completeness. Now, the transformation vð x; tÞ ¼ wð x; tÞ À wð0; tÞ (49) 
leads to the system
with the boundary conditions vð0; tÞ ¼ 0
Here, X(t) is the state of the payload and has its own dynamics, which can be expressed in terms of a linear, time-invariant ODE given by
with
The transformation (49) can be seen as a moving coordinate frame. Whereas wð x; tÞ is the cable displacement relative to the z-axis in y-direction, vð x; tÞ is the cable displacement relative to the payload position X 1 ðtÞ, which is the center of the coordinate frame for vð x; tÞ. This is illustrated in Fig. 5 . Backstepping could now be applied to find a stabilizing controller. However, the resulting PDEs for the transformation kernels would be rather difficult and could only be solved entirely by numerical implementation, thus resulting in lower accuracy for the controller. In order to avoid these problems and to use backstepping similar to the way described in Ref. [1] on the PDE-ODE cascade (51), (52) and (53), another transformation is introduced normalizing the wave propagation speed to 1 and rescaling the PDE in space. This transformation is inspired by Refs. [28] and [4] . With
and
the transformed PDE-ODE cascade is given by 
and rewriting k z ðz; zÞ þ k y ðz; zÞ ¼ k 0 ðz; zÞ, the following equations for the transformation kernels h(z), k(z, y), s(z, y) and cðzÞ are obtained:
The boundary condition for cð0Þ can be found by using Eq. (61) for z ¼ 0 along with the boundary condition q(0, t) ¼ 0. This yields cð0Þ ¼ 0. The boundary condition dh=dzð0Þ ¼ 0 can be obtained by plugging z ¼ 0 into the two last equations of Eq. (67). Using c(0, t) ¼ 0, h(0) can be chosen arbitrary. It can be regarded as a kind of scaling factor, which is compensated for by the other kernel functions. To obtain the missing boundary condition dc=dzð0Þ ¼ K, we need to differentiate Eq. (61) with respect to z and evaluate the result at z ¼ 0. This yields @q @z ð0; tÞ ¼ hð0Þ @c @z ð0; tÞ À dc dz ð0ÞXðtÞ
Thus, for the gain kernels h(z) and cðzÞ, the following equations are obtained:
Both functions h(z) and cðzÞ can be expressed in a closed form. This will make it easier to solve for k(z, y) and s(z, y) numerically. Thus, following the procedure in Ref. [4] , h(z) can be calculated analytically by using Eqs. (67), (68), and (69). It follows that hðzÞ ¼ coshðdzÞ
From Eqs. (66) and (67), it can be found that s(0, 0) ¼ 0 and kð0; 0Þ ¼ Àqð0Þ has to hold. Now s(z, z) and k(z, z) can be obtained using h(z) in Eqs. (66) and (67), respectively. This yields
Equation (70) with the boundary conditions (71) can be solved analytically as well. For A as defined in Eq. (54), we obtain the following solutions for cðzÞ:
The limit value for cðzÞ as e ! 0 does exist and is given by
From this, we eventually obtain the kernel equations that have to be solved numerically. Introducing the abbreviation kðyÞ ¼ bðyÞ þ e, we obtain for k(z, y) The functions h(z) and cðzÞ are known from Eqs. (72), (75), and (76).
Existence of Solutions.
In this section, we will prove the existence of solutions to the PDEs satisfied by the kernels k(z, y) and s(z, y). This proof is inspired by Ref. [4] , but modified due to the boundary term in the domain of the original system (51), leading to modified PDEs for the kernel compared with the system in Ref. [4] . 
the functions G ¼ Gðn; gÞ and G s ¼ G s ðn; gÞ are defined as
Let us also denote Integrating Eqs. (84) and (86) first with respect to g between 0 and g and then with respect to n from g to n and finally using the boundary conditions (85) and (87) yields 
These equations are very similar to the equations satisfied by the kernels for the forward transformation. Thus, the existence of a solution for the kernels can be shown in a very similar way and there exists a unique solution for l(z), aðzÞ, m(z, y), and n(z, y).
3.5 Stability of the Target System. For the target system, consisting of Eqs. (62), (63), and (64), we formulate the following stability result. THEOREM 3.2 (Stability of the closed-loop system). Consider the closed-loop system consisting of the plant (58), (59), (60) and the control law (65) with d > 0 and e > 0. Let k 1 and k 2 denote the two eigenvalues of the matrix A þ BK and let K be chosen such that both eigenvalues have negative real parts. Then all the eigenvalues of the closed-loop system have negative real parts and reside to the left of the vertical line ReðkÞ ¼ maxfReðk 1 Þ; Reðk 2 Þ; Àd; ReðÀd þ ffiffiffiffiffiffiffiffiffiffiffiffiffi d 2 À e p Þg. Proof. We investigate the spectrum of the target system (62), (63), (64), because the target system and the closed-loop system, (58), (59), (60), (65) in the original variables have the same spectrum. For determining the spectrum of the target system, we seek a solution of the form 
The solution to this boundary value problem using Eqs. (112) and (113) is given by
From boundary condition (114), r can be calculated as 
which drives the system (44) and (45) to wð x; tÞ ¼ 0 for x 2 ½0; 1 and t 2 ½0; 1Þ. For a given desired trajectory w Ã ðx; tÞ the controller with 
